We apply the asymptotic analysis procedure to the three-dimensional static equations of piezoelectricity, for a linear nonhomogeneous anisotropic thin rod. We prove the weak and strong convergence of the rod displacement vector and the rod electric potential, when the diameter of rod cross section tends to zero. The limit is the unique solution of a new piezoelectric anisotropic nonhomogeneous rod model, which is a system of coupled equations, with generalized Bernoulli-Navier equilibrium equations and reduced Maxwell-Gauss equations.
Introduction
In a previous paper we have mathematically justified a new nonhomogeneous anisotropic piezoelectric plate model (cf. Figueiredo and Leal [6] ). This was achieved considering the three-dimensional static equations of piezoelectricity, and using the asymptotic analysis method to compute the limit of the plate displacement vector and of the plate electric potential, as the thickness of the plate approaches zero (see also Ciarlet [2] for a description of the asymptotic analysis procedure applied to elastic plates). In this paper, we consider again the three-dimensional static equations of piezoelectricity, but for a thin rod, whose cross section is a function of a small parameter, and made of a nonhomogeneous and anisotropic material. Our purpose is to use once more the asymptotic analysis to obtain the limit of the three-dimensional rod displacement vector and rod electric potential, as the small parameter tends to zero, or, equivalently, as the diameter of the rod cross section tends to zero (cf. also Trabucho and Viaño [8] for a description of the asymptotic analysis method applied to elastic rods).
The technique used in this paper is very similar to that described in Figueiredo and Leal [6] , and likewise the latter paper, one of the main difficulties is the anisotropy and the non homogeneity of the material: we suppose the material is monoclinic and nonhomogeneous and the piezoelectric and dielectric coefficients are functions and not constants.
The main result of the paper is the existence of the weak and strong limit of the three-dimensional rod displacement vector and of the rod electric potential, as the rod cross section goes to zero (cf. theorems 3.1 and 3.4). In addition we show that this limit is the solution of a new nonhomogeneous anisotropic piezoelectric rod model (cf. theorem 4.1, formulas (98)-(104)), which can be interpreted and briefly described in the following way: it is a system of two coupled equations, with generalized Bernoulli-Navier equilibrium equations and reduced Maxwell-Gauss equations, where the limit rod displacement vector and the limit rod electric potential are interdependent. We have also proven that this new model has a unique solution (cf. theorem 3. 3) , which aims to demonstrate that the corresponding bilinear form is elliptic in a convenient functional space; this proof requires several calculus, that involve matrix computations, because of the anisotropy and the non homogeneity of the material. Unlike the plate case (cf. Figueiredo and Leal [6] ) we were not able to determine the exact expression of the limit rod electric potential, as a function of the limit rod displacement vector.
We notice the new rod model presented in this paper generalizes and extends the model obtained by Viaño, Ribeiro and Figueiredo [9] , for a linear homogeneous isotropic beam with constant piezoelectric and dielectric coefficients. In fact, we prove in corollary 4.1, formulas (119)- (125) , that if we particularize our results for an homogeneous isotropic rod with constant piezoelectric and dielectric coefficients, we reach exactly the results of Viaño, Ribeiro and Figueiredo [9] .
To finish this introduction we shortly sketch the contents of the paper. In the next section we introduce the three-dimensional piezoelectric rod model. The asymptotic analysis is done in section 3; here we also compute the weak and strong limits of the rod displacement vector and the rod electric potential, and we describe the variational formulation of the limit problem. The section 4 concerns the description of the differential formulation of the limit problem, firstly defined in the scaled rod and secondly defined in the original rod.
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The three-dimensional piezoelectric rod model
In this section we first introduce some notation. Then, we describe the boundary value problem associated to the static three-dimensional piezoelectric model, for a nonhomogeneous anisotropic rod, as well as, its corresponding variational formulation.
Notation. Let ω ⊂ IR
2 be a bounded domain with a Lipschitz continuous boundary ∂ω and γ e a subset of ∂ω, such that, the measure of γ e verifies meas(γ e ) > 0.
For each real parameter h, with 0 < h ≤ 1, we set
and
The closure of the set 2 ) = (hx 1 , hx 2 ), with (x 1 , x 2 ) ∈ ω, and the third component x
3 ) the outward unit normal vector to ∂Ω h . Moreover, we assume that the fixed coordinate system OX 1 X 2 X 3 is a principal system of inertia associated to ω × (0, L), that means
Throughout the paper, the Latin indices i, j, k, l... belong to the set {1, 2, 3}, the Greek indices α, β, µ... vary in the set {1, 2} and the summation convention with respect to repeated indices is employed, that is,
Moreover we denote by a · b = a i b i the inner product of the vectors a = (a i ) and b = (b i ), by Ce = (C ijkl e kl ) the contraction of a fourth order tensor C = (C ijkl ) with a second order tensor e = (e kl ) and by Ce : d = C ijkl e kl d ij the inner product of the second order tensors Ce and
2.2. The three-dimensional boundary value problem. In the sequel we consider a static three-dimensional piezoelectric rod model, disregarding the thermal and magnetic effects, and for the case of small deformations and linear piezoelectricity. This model is governed by three groups of equations and boundary conditions, which are described below (cf. Bernadou [1] , Eringen and Maugin [3] , Ikeda [5] ).
Mechanical equilibrium equations
Constitutive equations
Maxwell-Gauss equations
The unknown of the piezoelectric rod model (4)- (6) 
or, equivalently, componentwise
Moreover (which means the rod Ω h is a perfect dielectric body). In addition we suppose the following hypotheses on the data: the applied forces and applied electric potential have the regularity
and the three tensor fields
, that is, there exist tensor fields C = (C ijkl ), P = (P ijk ) and ε = (ε ij ), such that, for any
, and
where C ijkl , P ijk and ε ij are independent of h. We also assume that C ijkl , P ijk , ε ij are smooth enough functions defined inω × [0, L], that verify the following symmetric and positivity properties:
• there exists constants c 1 > 0 and c 2 > 0, such that
for every symmetric 3 × 3 real matrix M , and any vector θ ∈ IR 3 , and for every
The hypotheses C αβγ3 = 0 = C α333 mean that the rod has elastic symmetry with respect to the plane x 3 = 0 (cf. Green and Zerna [4] ). Consequently the material is monoclinic in the plane OX 1 X 2 and the number of independent elastic coefficients (C ijkl ) is equal to 13.
Due the elastic properties in (11), the components of the elasticity tensor C can be identified with the following matrix C
The first positivity hypothesis in (12) guarantees that the matrix C is positive definite, consequently, C 3333 > 0, and the sub-matrices
are also positive definite. In particular, for a homogeneous and isotropic material, the elasticity coefficients C ijkl are constants, defined by,
where λ and µ are the Lamé constants, δ ij = 0 if i = j, δ ij = 1 if i = j, and the matrix C in (13) becomes
2.3. Variational formulation of the three-dimensional rod model. We define the space of admissible displacements
with the norm v
, and the space of admissible electric potentials
with the norm ψ
) of the applied potential acting on Γ h eD (cf. (6)). In the sequel we denote by ϕ h 0 the trace lifting as well as its boundary value at Γ h eD . Then, the variational formulation of the system (4)- (6) is defined by
where
To obtain (19) we first do the inner product of the first equation of (4) by v h ∈ V h and we multiply the first equation of (6) by ψ h ∈ Ψ h ; afterwards adding the two resulting equations, integrating in Ω h , applying the Green's formula, and using all the boundary conditions and the constitutive equations defined in (4)- (6) we get (19). The definition of a h (., .) clearly implies that
and therefore, by the properties of the tensor fields C, P and ε, the positivity properties (12), the bilinear form a h (., .) is coercive. Consequently, by the Lax-Milgram lemma, the variational problem (19) has a unique solution.
Asymptotic analysis
In this section we apply the asymptotic analysis procedure (as developed for elastic plates by Ciarlet [2] , and for elastic rods by Trabucho and Viaño [8] ) to the variational problem (19). We first transform the three-dimensional piezoelectric rod problem (19), into an equivalent problem depending on h, but posed over the scaled rod Ω = ω × (0, L) independent of h(we use appropriate scalings of the unknowns u h , ϕ h and convenient assumptions on the data). Then, we study the behavior of the scaled displacements, electric potentials, stresses and electric vectors as the thickness h → 0 + . The theorems 3.1 and 3.2 prove the existence of the weak limits. The theorem 3.3 characterizes the limit model. Finally, the theorem 3.4 proves the strong convergence of the rod displacement vector and electric potential.
3.1. The scaled three-dimensional rod model. We redefine here the three-dimensional variational problem (19) 
∈ Ω h , and we also consider the subsets defined in (1)- (2) for the choice h = 1, that is
We denote by ν = (ν 1 , ν 2 ) = (ν α ) the unit outer normal vector along ∂ω, and by
, the first and second partial derivatives with respect to x i and x j .
We adopt exactly the same choices of Trabucho e Viaño [8] , for the assumptions on the mechanical data and the scalings of the displacements, and the same choices of Sene [7] for the electric data and the scalings on the electric potential.
We suppose that the data verify the hypotheses
For the unknowns, u h ∈ V h and ϕ h ∈ Ψ h , and for any admissible displacement or electric potential, respectively, v h ∈ V h and ψ h ∈ Ψ h , the following scalings are assumed
The vector fields u(h) and v(h) are in the scaled admissible displacement space V , and the electric potentials ϕ(h) and ψ(h) belong to the scaled admissible electric potential space Ψ, where V and Ψ are defined by
The first space is equipped with the norm v V = e(v) (L 2 (Ω)) 9 and the second with the norm
(27)
In particular, when v = u(h) we set κ(h) = κ(h)(u(h)). As a consequence of the scalings (25) and (27) we have for any
therefore
The scalings of the stress tensor σ h , the electric displacement vector D h and the electric vector E h are induced by (25) and are defined by
Using all these transformations and assumptions on the data, a straightforward computation shows that (19) is equivalent to the following scaled three-dimensional variational rod model
Computation of the limits. Here we essentially compute and identify the weak and strong limits of the scaled displacements and electric potentials (u(h), ϕ(h)) when h → 0 + .
Functional spaces.
In order to compute the limits it is necessary to introduce the spaces V BN , Ψ l and Ψ l0 . Let
The space V BN , which is called the Bernoulli-Navier displacement space, is equivalently defined by
and it is equipped with the norm . V N B , where
The space Ψ l is equipped with the norm . Ψ l defined by
We observe that, for any ψ ∈ Ψ l the trace ψ |Γ eD is well defined. In fact, for any ψ ∈ Ψ l , and for any fixed x 3 ∈ (0, L), we can define χ(x 1 , x 2 ) = ψ(x 1 , x 2 , x 3 ) and χ ∈ H 1 (ω); the trace of χ is an element of
with c a constant, that does not depend on the fixed x 3 , therefore integrating the previous inequality in x 3 , from 0 to
. This latter inequality proves that ψ |Γ eD is well defined and the trace operator acting from Ψ l to L 2 (Γ eD ) is continuous. Moreover, the function . Ψ l0 defined by
is a norm equivalent to the norm induced in Ψ l0 by the norm of Ψ l . In addition, the following result can also be established. Proof : Similar to proposition 3.2 of Sene [7] .
3.2.2. Weak limits and limit variational rod model. The weak convergence is proved in the following theorem.
and ϕ ∈ L 2 (Ω) and subsequences {u(h)} h>0 , {κ(h)} h>0 and {(∂ 1 ϕ(h), ∂ 2 ϕ(h), h∂ 3 ϕ(h))} h>0 (still indexed by h), such that the following weak convergences are satisfied, when
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Moreover, the limits u, κ and ϕ belong to the spaces V BN , (L 2 (Ω)) 9 and Ψ l , respectively, ϕ = ϕ 0 on Γ eD , and
Proof : Taking (v, ψ) = (u(h),φ(h)) in (32) we obtain
where b > 0 is a constant independent of h. Using the Poincaré-Friedrichs inequality, for any x 3 fixed in (0, L), we have
where b is another constant which does not depend on x 3 . Thus, integrating the previous inequality, in x 3 , from 0 to L, and using (47) we conclude that ϕ(h) is bounded in L 2 (Ω). Therefore, arguing as in Sene [7] (proposition 3.1) we have the weak convergence indicated in (40). We remark that the weak limitφ of the sequenceφ(h) belongs to Ψ; hence the weak limit ϕ of the sequence ϕ(h) verifies ϕ |Γ eD =φ |Γ eD + ϕ 0|Γ eD = ϕ 0|Γ eD .
Since u(h) converges weakly to u in [H 1 (Ω)] 3 and u(h) ∈ V , then also u ∈ V . In addition, this weak convergence implies that e ij (u(h)) converges weakly to e ij (u) in [L 2 (Ω)]. On the other hand, the inequality (47) assures that κ ij is bounded in L 2 (Ω). Consequently, the sequences e α3 (u(h)) = hκ α3 (h)(u(h)) and e αβ (u(h)) = h 2 κ αβ (h)(u(h)) converge strongly to zero in L 2 (Ω), hence e αβ (u) = 0 = e α3 (u). Therefore u ∈ V BN .
To obtain (41)-(43) we multiply (32) by h 2 , consider ψ = 0 and take the limit, when h → 0 + . We get
Remarking that ϕ =φ + ϕ 0 and using the symmetry properties of C ijkl indicated in (11) we easily check that the components κ 11 , κ 12 and κ 22 are the solution of the following system, which is equivalent to (49)
and consequently we have (41)-(43). To justify the formulas for the components κ 13 and κ 23 we can follow an analogous procedure. We just multiply (32) by h, we take ψ = 0 and v α = 0, for α = 1, 2, and compute the limit when h → 0 + . The result is
Using again the properties (11) we conclude that (51) is equivalent to
which gives (44)-(45). Finally, the formula (46) results from the weak convergence e ij (u(h)) e ij (u) and the fact that κ 33 (u(h)) = e 33 (u(h)).
The weak convergence results (40) imply the following theorem, which expresses the limit stress tensor σ and the limit electric displacement vector D, as functions of the limit displacement u and of the limit electric potential ϕ.
and subsequences {σ ij (h)(u(h), ϕ(h))} h>0 and {D i (h)(u(h), ϕ(h))} h>0 (still indexed by h), such that the following weak convergences are satisfied, when h → 0 + ,
with
Proof : From (31) and the weak convergence (40) we deduce easily the formulas indicated in (53) for σ ij and D i . From (49) and (51) it follows that σ αβ = σ 3β = 0. Introducing in (53) the definition of κ given by (41)- (46), we obtain the expressions indicated for σ 33 and D i .
In order to better characterize the limit problem it is necessary to define new coefficients, denoted by c, p α3 and (pε) αβ , that are related, respectively, to the elasticity matrix C, to the piezoelectric coefficients P ijk , and to both the piezoelectric P ijk and dielectric coefficients ε ij :
We notice that with the above definitions the components σ 33 and D α defined in (54)-(55) can be written as follows
The next result describes the structure of the variational limit rod model. 
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Proof : Considering (v, ψ) ∈ V BN × Ψ in (32), so in particular e αβ (v) = e 3β (v) = 0, and taking the limit when h → 0 + we obtain
(61) Using the expression of σ 33 and D α given in (53) and (57), we get the variational formulation (58) for all (v, ψ) ∈ V BN × Ψ. But, as D(Ω) is dense in Ψ l0 (cf. proposition 3.1), and D(Ω) ⊂ Ψ, we conclude that Ψ is also dense in Ψ l0 . So, by a density argument we get (58) for all (v, ψ) ∈ V BN × Ψ l0 .
To justify the uniqueness it suffices to prove the ellipticity of the bilinear form (59) in V BN × Ψ l0 , that is,
(62) So, assuming (62) is satisfied, if (u, ϕ) and (û,φ) are two solutions of (58), and setting z = u −û and χ = ϕ −φ, of course (z, χ) ∈ V BN × Ψ l0 and a((z, χ), (z, χ)) = 0; hence due to (62) it must be u =û and ϕ =φ, and the uniqueness is proved. Therefore it remains to prove (62) to finish the proof of this theorem. To obtain (62) it is enough to decompose and analyze carefully the expression of a((v, ψ), (v, ψ)) as explained below.
For
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and using the definition of (pε) αβ we get
But, by (12), there exists a real constant d > 0, such that
In fact, for all (
and Ψ l0 is equipped with the norm (
. Thus, to have the ellipticity (62), it is enough to prove that
With the definitions of the matrices M and N , and doing some appropriate matrix computations (more exactly, computing the above determinants using the last line of each matrix), the above inequality can be written in the following way
The upper subscript ( T ) means the transpose of a matrix, P α is the vector (P α11 , P α12 , P α22 , P α13 , P α23 ) and B is the positive definite matrix, associated to the elasticity coefficients, defined by
Introducing the coefficients Q α = ∂ α ψP α , (with no sum on α) and using the fact that (Y α )
Since the inverse of the matrix B is also a positive definite matrix, the expression in (70) is in fact non-negative, so (62) is verified, and the proof is finished.
Strong limits.
In theorem 3.1 we have proved the weak convergence of subsequences of {u(h)} h>0 , {k(h)} h>0 and {ϕ(h)} h>0 , when h → 0 + . The next theorem shows that these sequences are also strongly convergent. 
where u(h), κ(h), ϕ(h), u, κ and ϕ are defined in theorem 3.1.
Proof : The uniqueness of the solution for problem (58) assures that the entire three sequences {u(h)} h>0 , {κ(h)} h>0 and {ϕ(h)} h>0 , and not only three corresponding subsequences as stated in Theorem 3.1, weakly converge to u, κ and ϕ, respectively. For any T ∈ [L 2 (Ω)] 9 and any χ ∈ [L 2 (Ω)] 3 we define the following norm
This norm is induced by the scalar product (., .)
Defining
, we have the following weak convergence, when h → 0 + (cf. theorem 3.1)
But if a sequence is weakly convergent in a Hilbert space, and its norm converges to the norm of the weak limit, then the whole sequence is strongly convergent. This result can be easily proved. In fact, and for example, the proof of the strong convergence of the sequence (κ(h), χ(h)) in the space [L 2 (Ω)] 12 , assuming that X(h) converges to X, is the following:
since due to the weak convergence of κ(h) and χ(h), we have that the sequence (κ(h), χ(h)), (κ, χ) converges to (κ, χ)
2 . Consequently, if X(h)
converges to X, we have, when h → 0
which means that
But e αβ (u) = e α3 (u) = 0, and from (29) we get e(u(h)) → e(u) strongly in [L 2 (Ω)] 9 , and, consequently u(h) → u strongly in V . As ϕ(h) − ϕ is in Ψ l0 and in this space the norms . Ψ l and . Ψ l0 are equivalent we have ϕ(h) → ϕ strongly in L 2 (Ω). So in order to prove this theorem, it is enough to show that X(h) converges to X, when h → 0 + , which it will be done next. (32), and using the definition of
On the other hand
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Considering (v, ψ) = (u, ϕ − ϕ 0 ) in the variational limit rod model (58), we get
This latter equation is obviously equivalent to
and the second member equals lim
So, in order to prove that lim h→0 X(h) = X, it is enough to conclude that the first member of (83) is equal to
This is achieved using the definitions of c, (pε) αβ and p α3 (cf. (56)), and the expressions of κ ij (41)- (46), and doing some matrix computations. To finish the proof of the theorem we briefly give a sketch of these computations, that lead to the equality (84). From formula (56) we can write
where the definitions of p α3 and (pε) αβ are easily obtained from (56). So clearly (84) is equivalent to
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But the term
and this is the key for the proof of formula (84). To confirm the equality (87), we split the terms containing e 33 (u) and ∂ β ϕ in the definition of κ ij , and then we group the corresponding coefficients of e 33 (u) and ∂ β ϕ in (87). Afterwards, we use rather easy and appropriate computations that involve only the the determinants of the matrices defining κ ij , (pε) αβ and p α3 . More exactly, those determinant computations consist essentially in suitable changes of columns and rows. Finally we conclude that both the coefficients of e 33 (u) and of ∂ β ϕ are equal to zero. This fact gives (87). Then, (86) is equivalent to
But from (53) in theorem 3.2
But using (54) and (57) we conclude that
Consequently, to obtain (88) it remains to show that
or equivalently
But the term between brackets in the last formula is equal to the term indicated in formula (87). Hence the integral in (92) is zero and the proof is finished.
The generalized piezoelectric Bernoulli-Navier rod model
This section describes the differential formulation of the limit rod model (58). With this objective it is necessary to introduce first additional notation and new functions.
The limit rod displacement u belongs to the space V BN defined in (36), therefore it verifies
where ξ α and ξ 3 are, respectively, the bending and the stretching components of u. We also introduce the axial stress component q
the bending moment components m β
the functions F i and M β , associated to the applied mechanical loadings,
and finally the functions I 0 , I α and H αβ
4.1. The limit model defined in the scaled rod. The next theorem formulates the limit variational problem (58) as a system of two coupled boundary value problems formulated in the scaled rod Ω = ω × (0, L).
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Theorem 4.1. The solution (u, ϕ) of (58) verifies
Proof : We first notice that (100)-(101) and (104) are the boundary conditions for u and ϕ, respectively. Considering v = 0 in (58) we obtain
and, applying Green's formula, this equation leads to
which immediately gives formulas (102)-(103). Choosing now ψ = 0 in (58) we get 
which clearly gives (98), after the application of Green's formula with respect to the variable x 3 . Then, choosing v ∈ V BN in (107), with the stretching component η 3 = 0, which means,
(with no sum on β), (109) which gives (99), for β = 1, 2, after the application of Green's formula with respect to the variable x 3 .
Using the definitions of the axial stress component q and the bending moments components m β , the system (98)-(104) can be rewritten in the following form
Moreover it is interesting to remark that the system (98)-(101) constitutes a generalization of the Bernoulli-Navier equations for the anisotropic nonhomogeneous case (cf. Trabucho and Viaño [8] , page 678 formula (23.60)) and (102)-(104) correspond to reduced Maxwell-Gauss equations. In addition, we also remark that (98)-(101) extends the model obtained by Viaño, Ribeiro and Figueiredo [9] for a homogeneous isotropic material with constant piezoelectric and dielectric coefficients; in fact, we have the following immediate corollary of the previous theorem. 
Proof : It is enough to introduce the definition of C ijkl , cf. (15)-(16), in formulas (41)-(46) and (56) and to use the fact that P ijkl and ε ij are constants, thus independent of x = (x 1 , x 2 , x 3 ).
We remark that the system (98)-(104) (or (119)- (125)) is a coupled problem, where the two unknowns u and ϕ are interdependent. We were not able to determine the exact expression of the limit rod electric potential, as a function of the limit rod displacement vector, unlike the plate case (cf. Figueiredo and Leal [6] , or Sene [7] ), since the equation (102) (or (123)) is more complex, than in the plate case. This equation involves the derivatives with respect to x 1 and x 2 . However, if the elastic, piezoelectric and dielectric coefficients satisfy the hypotheses of corollary 4.1, then formula (123) shows that the limit electric potential ϕ depends explicitly on the bending components ξ α of the limit displacement u, and is independent of the stretching component. 
